By comparing the evolution of the local and equal load sharing fiber bundle models, we point out the paradoxical result that stresses may make the local load sharing model more stable than the equal load sharing model. We resolve the paradox by demonstrating that it originates from a statistical effect. Even though we use the fiber bundle model to demonstrate the paradox, we argue that it is a general feature of fracture processes.
cal heterogeneity but no local stress enhancement, and the local load sharing (LLS) model [10] where there is a competition between local stress enhancement and local heterogeneity. Even though we use the fiber bundle model as a tool to demonstrate the stability paradox, the effect is more general. The lesson to be learned is the following: even though the average stress vs. strain curve may have a positive slope, seemingly indicating stability, the positive slope is not necessarily caused by stability, but by the evolution of the fluctuations biasing the average in such a way that makes the slope positive.
There are two main sources of fluctuations in dynamical systems such as materials failing under stress [11, 12] : one comes from statistical fluctuations of the probability distributions that define intrinsic properties of the system elements. Another type of fluctuations arises as a result of the system dynamics depending on the spatial structures. The first type of fluctuation has a direct relation with the system size and it normally disappears as the system size diverges due to self averaging. One can minimize the effect of these fluctuations either by making the system size larger or by increasing the number of samples. On the other hand, the dynamics-dependent fluctuations do not disappear with increasing size. It is therefore crucial to know the nature of this second type of fluctuations and its role during the entire evolution dynamics. It is this second type of fluctuations that is the cause of the stability paradox.
A fiber bundle consists of N fibers placed between two clamps. The fibers act as Hookean springs with identical spring constants κ up to an extension x i , individual for each fiber i, where they fail and cannot carry a load any more. Hence the connection between the extension x of a fiber i and the force f i it carries is
The critical extensions x i -thresholds -are drawn from a probability density p(x), with corresponding cumulative probability P (x) = x 0 p(u)du. In the ELS model an externally applied force F is distributed equally on all the intact fibers. This implies that the intact fiber with the smallest threshold breaks under the smallest force F . The force per fiber σ = F/N required to give the bundle an extension x is on average [8] 
Equivalently,
as P (x) is the fraction of broken fibers k/N at extension x [13] . The fluctuations around this average are of the first type, and disappear as N −1/2 as N → ∞ [8] . The load curve is the minimum force per fiber σ required to break the next fiber. Hence, we plot either this minimum σ as a function of the extension x or the fraction of broken fibers k/N , see Fig. 1 . Equations (2) and (3) give the average load curve for ELS. We will use the terminology that a fiber bundle is locally stable if the load σ must be increased to continue breaking more fibers, i.e. if the load curve is increasing. From equation (2) we determine the extension x c at which the ELS model becomes unstable by setting dσ/dx| xc = 0. For an exponential threshold distribution P (x) = 1 − exp(1 − x) where x ≥ 1, this gives x c = 1. This means that the ELS model is unstable from the beginning of the failure process.
In the LLS model, the load carried by the failed fibers are distributed onto their nearest intact neighbors. Hence, there is a spatially dependent stress field. A hole is defined as a cluster (in the percolation sense) of h failed fibers. The perimeter of a hole is the set of p intact fibers that are nearest neighbors of the hole. With these definitions the force acting on an intact fiber i with the LLS model is given by
where j runs over the set of neighboring holes of the fiber. The first term is the force applied to every fiber, while the second is the redistribution of the forces due to the failed fibers. Equation (4) is independent of lattice type and dimensionality. To determine which fiber breaks next under an external load we define the effective threshold x eff,i of fiber i as
The breaking criterion of a fiber is then σ = κx eff,i , and the fiber with the smallest effective threshold will fail under the smallest applied load σ. The LLS model contains stress enhancement in that the fibers belonging to the perimeters of holes carry extra load. The ELS model has no stress enhancement mechanism. It is then a surprise to find in Fig. 1 where we show the load curves (σ vs. k/N ) of the ELS and LLS model based on the the threshold distribution P (x) = 1 − exp(1 − x), x ≥ 1. Whereas the ELS model curve indicates instability for all values of x as it has a negative slope, there is a region for which the LLS model curve exhibits a positive slope, i.e., local stability. This is the stability paradox. It was first pointed out in Sinha et al. [14] .
We show in Fig. 1 how the density (ρ) of fluctuations are distributed around the averaged load curve for the LLS model. The stability of single samples must be determined by the upper bounding curve of the fluctuations. In any finite, but small, interval [k/N, k/N + ∆] there will be at least one strong fiber that requires a load σ close to this bounding curve to break. For a system to be stable, consecutive intervals must require higher loads to break, hence the bounding curve of the fluctuations must increase. We see in Fig. 1 that it does not. Hence, there is no local stability for the LLS model either, as one would expect.
The apparent stability in Fig. 1 is caused by the gradual loss of fluctuations smaller than the average around the site percolation threshold p c ≈ 0.59 of the square lattice [15] . This is supported by Fig. 2 which shows the averaged LLS model load curve and its standard deviation. The fluctuations are initially heavily biased with a large concentration below the average. Around the percolation threshold, the bias in the fluctuations begins to shift rapidly from small values of σ to the upper bounding curve, and this shift is enough to make the average load curve increase even though the bounding curve is decreasing. We now consider the LLS model on a square lattice but with a uniform threshold distribution on [x 0 , 1), i.e. P (x) = (x − x 0 )/(1 − x 0 ). The ELS model with this distribution is unstable from the beginning of the breaking process if x 0 = 1/2. Hence, we choose this value. The average load curves for LLS and ELS are shown in Fig. 3 together with the fluctuations around the LLS load curve. Also here there is a shift in the fluctuations around the percolation threshold, corroborated by the standard deviation in Fig. 4 , when the bias of the fluctuations changes rapidly. However, in this case the fluctuations are not biased to begin with, but distributed almost uniformly around the average, but with a slight bias towards larger values. This -and the fact that the fluctuations span a smaller range of forces σ, as demonstrated by a standard deviation an order of magnitude smaller in Fig. 4 than in Fig. 2 -makes the change in the bias of the fluctuations smaller than for the exponential threshold distribution, and it is not enough to make the averaged load curve increase. Hence, the average load curve does not show any apparent stability.
The reason for the bias in the fluctuations before the percolation threshold can be explained by examining the hole structure of the LLS fiber bundle as the damage k/N increases. Very early in the breaking process, when only a few fibers have broken, a single hole starts expanding and keeps growing until the entire fiber bundle has broken [16] , making the growth process effectively an invasion percolation process. Hence, all fibers that break after this localization sets in are in the perimeter of this growing hole, and the force σ required to break a fiber is a measure of the smallest threshold found along the perimeter of the hole. This process is illustrated in Fig. 5 for the exponential threshold distribution and ponential threshold distribution most of the fibers have thresholds slightly larger than 1. This causes the threshold of the failing fibers in the perimeter of the growing hole typically to be less than the average. This makes the fluctuations biased, unlike with a uniform threshold distribution.
The reason why the weaker fluctuations disappears rapidly around the percolation threshold is that the large, growing hole has permeated most of the lattice and therefore has few new areas to expand into, as shown in Figs. 5 and 6. As a result of this, there are few new neighborhoods to expand into to find new neighbors with small thresholds. This argument does not hinge on the lattice being square. Rather, it is a general effect. We therefore expect that the exponential threshold distribution will give similar results for the LLS model on other lattices, with the averaged load curve increasing around the site percolation threshold due to the shift in bias as the weaker fluctuations disappear. We show averaged LLS load curves for four lattices in 2D, 3D and 4D for the exponential threshold distribution in Fig. 7 . The figure shows positive slope of load curve for all four lattices in a region around the corresponding percolation threshold, in excellent accordance with the above argument. Even though we have limited our discussion to the fiber bundle model, the paradox presented here and its resolution should be a general feature of brittle fracture processes in disordered materials. To summarize, we have demonstrated a general mechanism resulting in the average force not being a reliable indicator of stability during fracture process due to bias in the fluctuations around the average. We find that for certain threshold distributions in the fiber bundle model this gives a pseudo-stability, the illusion of local stability due to an increasing average force even though individual systems are not locally stable. This pseudo-stability occurs around the site percolation threshold of the lattice for the systems we have studied in two to four dimensions.
